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On the Groups of Isomorphisms of a System of Abelian 
Groups of Order p*" and Type (n, 1, 1, , 1).* 

By Louis C. Mathewsok. 



Introduction. 



Early in the study of groups of isomorphisms Moore showed that the 
group of isomorphisms of an abelian group of order p"^ and type (1, 1, • • • , 1) 
is the linear homogenous group, f extensively discussed by Jordan in his Traite 
des Substitutiones (1870). Miller discussed the automorphisms of an abelian 
group of order p"*, type (m — 1, 1),% and later gave incidentally a formula 
for the order of the group of isomorphisms of any abelian group of order p'^.% 
In 1907 Eafium through his study of the group of classes of congruent ma- 
trices showed that the group of isomorphisms of any given abelian group of 
order p"' was simply isomorphic with a certain chief n-ary linear congruence 
group.] I In the present paper the viewpoint is different and the groups are 
treated as abstract groups. The object is to study the groups of isomor- 
phisms of the system of abelian groups of ordem p*", type {n,l,-- • , 1), n > 1, 
and to show that these groups of isomorphisms may be built upon the group 
of isomorphisms of an abelian group which contains no operators of order 
greater than p. To serve as a stepping stone to the general theory as well as 
to bring out the relations true for the first case, the case n = 2 will be con- 
sidered immediately iov p = 2 and for p > 2. In each development the group 
under consideration will be represented by G and its group of isomorphisms 
by I; p is used for an odd prime. 

Theory. 

Theorem 1. The I of an abelian group of order 2'^'-, type {2, 1, • • • , 1) 
is of order 3'»(2'» — 2) (2" — 2^) • • • (2"" — g"*-^) and is simply isomorphic 
with a subgroup of index 2'^ — 1 in the holomorph of the abelian group of 

* Presented at the Dartmouth Meeting of the American Mathematical Society, 
Sept. 5, 1918. 

tCf. also Burnside, Theory of Growps (1897), §§ 171, 172 and Chap. XIV. 

t Miller, Tr(msacti(ms of the American Mathematical Society, Vol. 2 (1901), 
pp. 259-264. 

§ Miller, BMetvn of the Am&rican Mathematical Society, Vol. 20 (1913-14), 

p. 364. 

II Ranum, Transactions of the Amerieam Mathematical Society, Vol. 8 (1907), 

pp. 71-91. 
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order 2"", type (1, 1, • • • , 1). This I may le obtained hy extending an ahelian 
group of order 2"", type {1,1,- • ■ ,1) iy those operators from its own group of 
isomorphisms which leave one arbitrary operator in this abelian group fixed. 

Suppose m > 1. The operators of order 2 in G evidently with the 
identity form a characteristic subgroup, H, of order 2™. In H there is one 
(and only one) characteristic subgroup besides the identity. It is of order 2 
and consists of the identity and the operator of order two which is the square 
of all the operators of order 4 in Q. All the operators outside of H are of 
order 4. With the operators oi H ia identical correspondence any one of 
these operators may stand first, and an automorphism of Q is then determined. 
Since these automorphisms are of order 2, commutative and number 2" — 1, 
the I oi G contains an invariant abelian subgroup, H', of order 2™, type 
(1, 1, • • • , 1). For, let H^l, s^, s^, ■ ■ ■ , sn, let t^ = s^, andlet (r^l, 
^2? h> ' ' ' > Sn, t, tsz, • • • , tsn (all operators being commutative). Any 
operator tsi, i = 2, • • • ,h, may correspond to t, so that the order of E' is h. 
Let R' ^ 1, v^, v^, ■ • • , Vh. Let the v that transforms t into ts2 be V2, into 
tSg be Vj, etc. Then, since each s is invariant under the v's 

Vl-%Vi = Si, I. ■ o 1. /1N 

1. , 1 = 2, • • • , h;%=-2, • • ■ , h. (1) 

viHvi==tsi. ^ ' 

That the v's are of order 2 is evident from the fact that 

vf^{vfHvi)vi == vfHsiVi = vfHvi • vf^sivi = tsf = t; 

and since all the operators of H' excepting the identity are of order 2, E' is 
abelian,* or, 

Va'^Vh'HViVa = Va'HSbVa = Va'HVa • Va'hbVa = tSaSb, 
ViT^Va'HVaVb = Vi'HSaVi, = Vb'Hvr, ■ Vi'^-S Vh == tSbSa, 

and since tSaSi, = ts^Sa, Va'^Vb'HVbVa = Vb'^Va'HVaVi, or VaVb = VbVa. That VaVb 

transforms t into tsaSb makes it possible to put E and E' into simple iso- 
morphism in the following way : Si ,.^vt,i = 2, • • ■ , h. 

From the nature of G, evidently R can be automorphic in all the ways 
an abelian group of order 2"*, type (1, 1, • • • ,1) can, except that Sg must al- 
ways correspond to itself. This means that one subgroup of order 3 in J? is 
always fixed, so that the order of the quotient group of the I oi G with respect 
to the invariant ff' as a head is equal to the order of the group of isomorphisms 
of ff divided by 2™ — 1.* 



* Cf. Burnside, loc. cit., p. 60. 

* Burnside, loc. dt., § 172. 
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It will now be shown that the I oi G may be obtained by extending H' by 
operators which transform it in just the ways E may be transformed in G. 
This will be done by showing that an operator effecting any permissible auto- 
morphism of H, would produce a similar isomorphism among the operators of 
E' ; i. e., if wHnu = Sk, then u'^vnu = vu. It may be supposed that u is so 
chosen from the I oi G that it transforms t into itself ; for if not, u can be 
multiplied by such an operator from E' that the product will transform t into 
itself and at the same time effect exactly the same automorphism of E. 
Using (1), 

{u~Hm)'^t{u''^Viiu) = u'^Vn'^utwHrn = w^VtrHvnU = nrHsm = 

wHu • w"^s*w ^ isfcjjust as vifHvu^tsic; (3) 

and siace the v's are commutative with the s's and so also is w^viu (because 
{u'''^viu)'''^Si{u'^viu) = u'^vi'^uSiU'''-viu^ Si, for msjw"^ is some s, and hence 
vf^uSiWHi = uSiU'^, and uf'^uSiW'^u = st) ; therefore, u'^VhU and % effect 
the same isomorphisms of G with itself. Thus, w'^vm = %. 

Prom the preceding it is obvious that the I oi G is & subgroup of index 
3»» — 1 in the holomorph of the abelian group of order 2™, type (1, 1, • • • , 1) . 
This I should have exactly ^(4), or 2 invariant operators.* The operator 
besides the identity is easily shown to, be Vi according to the notation here used. 
(Note too that here v^ corresponds to s^ in an invariant subgroup of index 
gm-i in H). All the i;'s are commutative with V2, and if in (3) A = 3 remem- 
bering that wH^u = S2), the result from the end of the preceding paragraph 
is u'H^u = v^. 

Next, the case in which p is an odd prime wiU be considered, and it will 
be shown that in this case the I of (? is a direct product of two groups; and 
what these two groups are will be discussed. 

The operators of order p in G evidently with the identity form a char- 
acteristic subgroup, J, of order p™; also in / there is a characteristic subgroup, 
E, of order p whose p — 1 operators of order p are the pth powers of the opera- 
tors of order p^ in G. The operators of order p^ correspond among themselves 
ia every automorphism of 0. With J in identical correspondence, any one of 
the ;)•» operators of order p^ having the same pth power in E may stand first, 
and the automorphism of G is then fixed. Moreover, every such automor- 
phism of G is of order p, and these p*" — 1 automorphisms of order p are com- 
mutative. These two facts may be proved just as similar facts were proved .in 
the preceding case where the prime was 2. Let this invariant abelian sub- 
group of order p"" and type (1, 1, ■ • • , 1) in the I of G be ^, and let its oper- 



» Miller, Blichfeldt, and Dickson, Fmite Groups (1916), p. 162. 
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ators be v'a. If the generators of J are s^, S2, • ■ ■ , Sm ~wh.eie s^ generates H 
(and p:= Si), then by a method analogous to that used for the even prime 2, 
it can be shown that the correspondence between / and E can be taken as 
Sir-^vi {i = l, • ■ • , m), where vrHvi= its* and where t;r^sji;< ^ s; {i = l, 
• • ■ , m; 1 = 1, ■ • ■ , m). 

Prom the nature of G, evidently / can be automorphie in all the ways an 
abelian group of order p'^, type (1, 1, • • • , 1) can, excepting that H must 
always correspond to itself. Siace J has (p*" — 1)/{p — 1) subgroups of 
order p* this means that the order of the quotient group of the I oi with 
respect to the iavariant E is equal to the order of the group of isomorphisms 
of / divided by (p"* — l)/(p — 1)> which gives the order of the I of G* as 
p'^{p — l){p"' — p){p'>'~p^) {p'^^p'^-^). 

Consider those automorphisms of G^ in which the operators of R are in 
identical correspondence. Suppose that the operator, u, effecting the iso- 
morphism under consideration transforms t into itself; for if not, u can be 
multiplied by such an operator from E that the product transforms t into 
itself and at the same time effects exactly the same automorphism of /. As 
in the preceding theorem, it can be shown easily that u transforms the opera- 
tors of E among themselves in the same way it transforms the corresponding 
operators of J ; that is, if 

w^SxU = Si_, u~^SjU = Sj', {j = 2, ■ ■ • , m; f ='2, • • • , m) ; 

then u'^v-^u = v^, u'^VjU = vj; (j and ;' have the same values respectively 
before) . 

Since all the automorphisms of G with the operators of the cha,racter- 
istic subgroup H ia identical correspondence have been considered, the I ot G 
evidently contains an invariant subgroup I' which is simply isomorphic with 
an abelian group of order p™, type (1, 1, • • • , 1) extended by those opera- 
tors from its own group of isomorphisms that leave the operators of one and 
only one of its subgroups of order p fixed. Since all other automorphisms of 
G arise from the automorphisms of H, and E is cyclic and of order p, obvi- 
ously the quotient group of I with respect to I' is a cyclic group of order 
p — 1. It will now be shown that the I ot G is simply isomorphic with the 
direct product of F and the cyclic group of order p — 1. 

The central of the I oi G is the group of totitives (mod p^) of order 
<j>(p^) =p(p — 1) ; that is, a cyclic group, the product of a cyclic group of 
order p hj a, cyclic group of order p — 1. Bach of these operators in the 
central of the I oi G transforms every operator of G into the same power of 



'Burnside, loo. cit., p. 
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itself.* The cyclic group of order p in this central has been already obtaiaed. 
In the notation here used, it is generated by Vj_, since v{-Hvi = ts^ = f^*p, 
Vj-Hvj^ = ts^^ = f^^^v, etc. ; and since, for any s, v{^'^SiV^ = «» (t = 1, • • • , m), 
and the (1 + lep)th. power of si is «» ; and since wH^u == v.^. If now s^r^ %", 
then since P = s,,, t can r^ t^, and the remainder of the automorphism of 0- 
may be set up by having the other generators (besides sj of J correspond to 
their own nth powers, st — Sj" (i=3,- • • , m). If w effects this auto- 
morphism of Q, w-'^SiW = Si^ {i = l, • ■ ■ , m), w-Hw = t"' (also 'w-hi'^w = 
Si, wH^w = t) , it is necessary and sufficient to show that w is commutative 
with all the v's and with u. First, it will be shown that w-HtW = Vi. Since 
Vi-Hvi = tsi (i=l, • • • , m), {w~hiw)-H{w''^Viw) ^w^vf^ • wtw^ • viw 
= w-^ • Vi-H^Vi ■ w = w-^(vfHviYw ^^w^itSiYw = w-H<^w • w-Hfw = tSi, 
Just as vfHvi = tsi, and since the v's, are commutative with Sj (;■ = !,•••, m) 
and so also is wHiW (because {'w-^Viw)-^Sj{w-Hiw) =w-^vf^ • wSjW^ • ViW 
= w-HfHfViW = 'w-'^sfw = Sj); therefore, these two operators from I are 
identical or wHiW = Vi. Second, to show that w is commutative with % 
use will be made of 

1 ^ ^' ij=2, - • ■ , m; f = 2, • • • , m) and u-Hu=t. Here 

{w^uw)~^Sj{w'^uw) =w-^u~^ • wsjW'- ' uw = w~^u-Hfuw (; = 1, • • • , m) 

r if ;■ = 1, w'\''w = Si, just as u'\u = s^. 
~'y ]£ j = 2, ■ • ■ , m, w'^j'^w = Sj', just as w^SjU = sy ; 
also {'w'^uw)~H{w~^uw) = w^w^ • wtw^ • uw = w'^u'H'^uw = wH^w = t. 

Hence, not only is the quotient group of I with respect to F the cyclic group 
of order p — 1, but I contains such a cyclic group whose operators (excepting 
the identity) lie outside of F and are commutative with each of the operators 
of F. Therefore, I is simply isomorphic with the direct product of F and 
the cyclic group of order p — 1, and f or m > 1 there results the 

Theorem 2. The I of an abelian group of order p^*\ type (2, 1, • • • , 1) 
is of order p'^ {p — 1)(^'" — p) • • • {p^ — p™-^) and is simply isomorphic 
with the direct product of a cyclic group of order p — 1 and the group 
formed hy extending an abelian group of order p^, type (1, 1, • • • , 1) ly 
all those operators from its own group of isomorphisms which leave the opera- 
tors of some one of its subgroups of order p in identical correspondence. 

As a side step from the main problem of this paper the following general 



* Miller, Transactions of the American Mathematical Society, Vol. 2 (1901), 
p. 26a. 
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proposition concerning a property obtaining in the abelian group just con- 
sidered, will now be discussed. 

Subsidiary Theorem. If an abelian group contains a characteristic 
subgroup H of prime order p, the I of is simply isomorphic with a direct 
product, one factor of which is the cyclic group of order p — 1. This I is 
then divisible t/ p > 3. 

Since " every abelian group is the direct product of its Sylow subgroups 
whenever its order is the product of more than one different prime," * If is in 
the Sylow subgroup, 8, of order p'^ and type {m^, m^, •••,«!)» ^i > ^2 > 
- • • > mi, where m = m^ -j- Wj + • • ■ -{-mi and m^ > 0. If m^ is not 
greater than m^, there is no characteristic subgroup of order p. If m^^ > wia, 
the group of order p in the cyclic group of order p'"'^ is a characteristic sub- 
group of G (and the only characteristic subgroup of order p), since its opera- 
tors are the p"^-Hh powers of all the operators of 8, its operators of order p 
being the p'^'HYi powers of the operators of order p"'^ in 8. Incidentally then, 
it has been shown that a necessary and sufficient condition that an abelian 
group of order p'" contain a characteristic subgroup of order p is that there 
he one and only one largest invariant. This group, H, of order p is a funda- 
mental characteristic subgi-oup.f The remainder of the proof will now be 
worked out with respect to 8, since the 7 of G* is the direct product of the 
groups of isomorphisms of its Sylow subgroups. 

The operators effectiag the automorphisms of 8 in which the operators 
of R remain in identical correspondence form an invariant subgroup, I', of 
the group of isomorphisms of 8 (7 ) . The quotient group of 7^ with respect 
to r is the group of isomorphisms of Tf ; i. e., the cyclic group of order p — 1. 
In the notation here used and with p > 3, the central of 7 is a cyclic group 
of order ti>{p"^) =p"^'^(p — 1), the product of a cyclic group of order p"^'^ 
and another cyclic group of order p — 1, and each of these operators in the 
central of 7^ transforms every operator of 8 into the same power of itself. J 
The cyclic group of order p'"'-^ is in 7', its operators being those which trans- 
form operators of order p"*^ in 8 into their (1 + fc^)th powers, h = l, 2, 
• ■ ■ , p"^'''-. The operators of order p in H are invariant individually under 
such transformations, since these powers of each opeartor of order p in E 
are that operator itself. The operator of 7^ which transform every operator 
of 8 into the 2nd, 3d, • • • , (p — l)th powers of itself, evidently transform 



* Miller, Blichfeldt, and Dickson, loc. cit., p. 87. 

t Of. Miller, American Journal of Mathematics, Vol. XXVII (1905), p. 15; 
also Miller, Blichfeldt, and Dickson, loc. cit., p. 110. 

t Miller, Transactions of the American Mathematical Society, Vol. 1 (1900), p. 
397; Vol.2 (1901), p. 260. 
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the operators of H among themselves, so are not in F. They with the iden- 
tity, constitute a cyclic group of order p — 1, and since they are in the central 
of I ; they are individually commutative with the operators of I'. Hence, 
since the quotient group of I with respect to I' is a cyclic group of order 
p — 1, and I^ contaiQs a cyclic group of order p — 1 having only the identity 
in common with I' and each of its operators is commutative with each of the 
operators of I', therefore I^ is simply isomorphic with the direct product of 
I' and a cyclic group of order p — 1. 

The theory of the second theorem will now be extended to any abelian 
group, G, of order pm*^-^^ type {n, 1, 1, • • • (m — 1) units), n> 1, p a 
prime > 2. Let t be the operator of order p", and s^, ■ ■ • , Sm independent 

generators of order p, and for convenience let P ''' = s^. From the observa- 
tions under the Subsidiary Theorem, s^ generates a characteristic cyclic sub- 
group, 5'"', of order p. All the operators of order p ia G- form a charac- 
teristic abelian subgroup H^^'-^ of order p^, type (1, • • • , 1). ff'"' is in 
jgr(n-i)_ Then there is a characteristic abelian subgroup, If'"-^', of order p""S 
type (2, 1, • • • , 1) generated by the p^"-^'th powers of operators of order p» 
and j?'"-^*. So likewise, H^""*' is generated by the p»-th powers of operators 
of order p" and H^"-^'' ; and in general, H'""^', of order p^*r-i qj^^ type (r, 1, 

• • • , 1), is generated by the ^"^th powers of the operators of order p" and 
^(»-i)^ r = 2, • • • , n — 1. Bach of these characteristic subgroups contains 
the preceding, and the largest (H^^^ ) is of index p in G itself. This series 
of subgroups forms a characteristic series of G* 

Now with the operators of H^'-^ in identical correspondence, evidently t 
can correspond to any one of p"^ — 1 operators besides itself ; it can corre- 
spond to itself mliltiplied by any one of the operators of H'""^', since these 
products (and t) alone are of order p" and have the same pth. power that t 
has in H^'^K As was shown in connection with Theorem 2, these isomorph- 
isms (excepting the identity) are of order p and commutative. Hence, the I 
of G contains an invariant abelian subgroup, E, of order p™, type (1, • • • , 1), 
which is simply isomorphic with H'""^' ; and, moreover, if the same conveni- 
ent notation be employed here as in the theorem to which reference has just 
been made, the correspondence, vt ■ — 'Si, i = l, • • • , m, can be set up, where 
the v's are the independent generators of the subgroup E. The transforma- 
tions, accordingly, are vfHvi = tsi, (i = l, • • • , m), vc'-SjVi = Sj, (t = l, 

• • • , m; ; = 1, • • • , m). 

Now, let the operators of H^^' be in identical correspondence. P can 



*Frobenius, Bwlmer SiteimgshericMe (1895), p. 1027; cf. Bumside, loe. oit., 
1 163, 164. 
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correspond to <p""Hp, ^'p^'-^+p, • • • , ffP-^)*"'*-*^ (or Ps^, ifs^", • • • , 

PS]_'^^, respectively, since p'^'^ = Si) besides itself, because these and these 
alone have the same ^th power in jff*^' and at the same time are themselves 

the pth powers of operators outside E'-'^^. Simultaneously with P^ — P "^+'', t 

must correspond to some operator of order p" whose pth power is P '^+p; 

such operators are P^'^+''- times operators from S'""^\ The operators from 
jj(n-i) luay be supposed to be in H'"' also, for if not, the operator efEecting 
the automorphism of G imder consideration can be multiplied by such a v 
that fi"' is transformed as stated in the preceding andf corresponds to 

P "^+^ times some operator from ff<"'. Accordingly, this isomorphism of G 
may be said to be effected by an operator which transforms every operator 
into its (hp"-^ + l)th powers, k = l, • • • , p — 1. 

Similarly, if the operators of fi<*' are in identical correspondence, the 
additional isomorphisms of G spring from those in which the operators cor- 
respond to their (hp"^^ + l)th powers, Jr = 1, • • • , p — 1. 

More generally, if the operators of JEf^*'', r = 2, • • • , n — 1, are 

in identical isomorphism, P '^ can correspond to P '^+p '^, t"^ ''■+P' , 

. . . , f(p — i)p""^ + p'''^ (or p'^'^Si, • • • , iP'^'^SjP — '^, respectively) besides 
itself, because these operators and these only have the same pth power in H'*"' 
and are themselves the ^""^th powers of operators outside H^^K These iso- 
morphisms are those effected by an operator which transforms the operators 
of G into their (fep"-^ -f- l)th powers; ]c = l, • • • , p — 1. These auto- 
morphisms are p""^ in number (because r = 2, • • • , «. — 1 and Jc = l, - • • , 
p — 1). If when r = l, v^ is included, these isomorphisms number p""% 
and they are, moreover, those in which the operators of G go over into their 
(l-j-ft^)th powers, & = 1, 2, • • • , p"-^. The only other powers are the 
1st, 2nd, • • • , {p — l)th, and when these are effected the characteristic sub- 
group H'"' takes aU its automorphisms. But the operators effecting the pos- 
sible transformations of all the operators ratp their same powers constitute the 
central of the I ot G, a cyclic group of order ^(;p") = p^^{p — 1), (because 
the highest order of operators in G is p"), the product of two cyclic groups, 
one of order p — 1 and one of order p^'^. From the Subsidiary Theorem the 
/ of G' is the direct product of this cyclic group of order p — 1 and another 
subgroup, /'. The cyclic group of order p"-^ must be in F. Suppose u to be 
employed to represent a generator of this cyclic group, F, of order p»"^, so 
that vrHu = t^*% h = l, ■ • ■ , p"-\ With the operators of H^"-^^ in iden- 
tical correspondence, all the possible isomorphisms of G are effected by u and 
the v's. They all are commutative (since u is in the central of I) and the 
cross-cut of E and F is the cyclic group of order p generated by v^i =m»^^). 
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Hence, I' contains an invariant abelian subgroup of order y»»+»-2j type {n — 1, 

1, 1, • • • , 1). 

Finally, if the operators of fl^<"> alone are in identical correspondence, 
the remaining operators of fi<«-i' have exactly the automorphisms of an abel- 
ian group of order p™'^, type (1, 1, • • • , 1) when the operators of some one 
subgroup of order p remain fixed. If w efEects such an automorphism (and 
leaves t invariant), it can be shown just as in Theorem 2 that w is commu- 
tative with Vj^ but transforms the other operators of E just as the operators of 
^(»-i) outside of B^"^ are transformed, and w, furthermore, would be found 
to be commutative with u. The number of the isomorphisms effected by w'a 
would be (p" — p){p'" — p") (?*" — p*""^).* 

The following may be stated as a summary of these results : 

Theorem 3. The I of an abelian group G of order p»»+»-i, type {n, 1, 
1, • • • , 1), p a prime > 2, « > 3, is of order {p — l)y'»>+«-2(^m — ^) 

(p™ — p") (p™ — p^~^), and is simply isomorphic with the direct 

product of a cyclic group of order p — 1 and a group formed hy extending 
an abelian group of order p"*, type (1, 1, • • ■ , 1) by all those operators from 
its own group of isomorphisms which leave invariant the operators of one 
its own group of isomorphisms which leave invariant the operators of one cyclic 
group of order p, and then multiplying this extended group by an operator 
of order p^'^ which is commutative with each, operator of the extended group 
and which has one of the invariant operators of order p for its p^'Hh power. 

This shows that for a given odd prime p and a fixed value of m>0, 
the group of isomorphisms of each abelian group of the system (n = (2), 3, 
4, • • • , ) contains the group of isomorphisms of the preceding as an invari- 
ant subgroup of index p, since they differ only in the order of the operator 
by which the extended group is multiplied. 

Again, since multiplying the extended group by the designated operator 
of order p"'^ is equivalent to taking an abelian group of order p»»+»-2j type 
(n — 1, 1, • • • , 1) and extending it by all those operators from its own 
group of isomorphisms that leave invariant the operators of exactly one of 
its subgroup of order p»-% the preceding theorem can be stated as follows, 
and from it can be seen that the group of isomorphisms of each abelian group 
of the system under study is an extension of the one of the system just before 
it and of index p in it. 

Theorem 3'. The I of an abelian group G of order p»»+«-i, type {n, 1, 
1, • • • , 1), p an odd prime and n > 1, is of order (p — i)p>»+»-2^p«i — ^^ 



* Cf. Burnside, loo. cit., § 48. 
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(p'" — p^) • • • (p™ — p"''^) and is simply isomorphic with the direct prod- 
uct of a cyclic group of order p — 1 and the group formed hy extending an 
abelian group of order p'""*^^, type (n — 1, 1, • • • , 1) "by all those operators 
from its own group of isomorphisms that leave invariant the operators of 
exactly one of its cyclic subgroups of order p'^'^. 

If p is the even prime and n'> 2, F is not cyclic but is an abelian group 
of order 2"-^, tjrpe (n — 3, 1),* and the 3"-^th power of the operators of 
order 2"-^ generates the cross-cut of F and E, a group of order two. Accord- 
ingly, the counterparts of the preceding two theorems are : 

Theorem 4. The I of an abelian group G of order 2'"*'^~^, type (n, 1, 
1, • • • ,1), n>2, is of order 2»+'»-2(2'» — 3) (2'« — 2^) . . . (3m_2»»-i) 
and is simply isomorphich with the direct product of a group of order 2 and a 
group formed by extending an abelian group of order 2"*, type (1, 1, • • • , 1) 
by all those operators from its own group of isomorphisms which leave invari- 
ant one operator of order two, and then multiplying this extended group by an 
operator of order 2»"^ which is commutative with each operator of the extended 
group and which has the invariant operator of order two for its 2'^Hh power. 

This and the foUowing equivalent statement of the proposition show the 
inclusive relation between the groups of isomorphisms of two consecutive 
groups of the system : 

Theorem 4. The I of an abelian group of order 2"^""^ %?« ('^^ Ij Ij 
• ■ • , 1), n>2, is of order 2'»+»-2(2'» — 2) (2'» — 2^) • • • (2'» — 2'"-^) 
and is simply isomorphic with the direct product of a group of order 2 and 
the group formed by extending an abelian group of order 2""""^, type {n — 2, 
1, • • • , 1) by all those operators from its own group of isomorphisms that 
leave invariant individually the operators of exactly one of its cyclic sub- 
groups of order 2»"^. 
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* Biimside, loc. cit., § 169. 



